We present the first full-fledged study of the flavor-exotic isoscalar T − bb ≡ bbūd tetraquark with spin and parity J P = 1 + . We report accurate solutions of the four-body problem in a quark model, characterizing the structure of the state as a function of the ratio MQ/mq of the heavy to light quark masses. For such a standard constituent model, T − bb lies approximately 150 MeV below the strong decay threshold B −B * 0 and 105 MeV below the electromagnetic decay threshold B −B0 γ. We evaluate the lifetime of T − bb , identifying the promising decay modes where the tetraquark might be looked for in future experiments. Its total decay width is Γ ≈ 87 × 10 −15 GeV and therefore its lifetime τ ≈ 7.6 ps. The promising final states are B * − D * + ℓ −ν ℓ andB * 0 D * 0 ℓ −ν ℓ among the semileptonic decays, and among the nonleptonic ones. The semileptonic decay to the isoscalar J P = 0 + tetraquark T 0 bc is also relevant but it is not found to be dominant. There is a broad consensus about the existence of this tetraquark, and its detection will validate our understanding of the low-energy realizations of Quantum Chromodynamics (QCD) in the multiquark sector. * gajatee@usal.es † javier.vijande@uv.es ‡ valcarce@usal.es § j-m.richard@ipnl.in2p3.fr Hadronic physics has been much stimulated during the last two decades by the experimental discovery of several new resonances in the hidden-charm sector, resonances that are hardly accommodated in the traditional quark-antiquark or three-quark picture [1] . These are the so-called XY Z mesons and LHCb pentaquarks, which belong to the class of "exotic hadrons", although they are not flavor exotics. After several years of studies, no definite conclusion has been drawn as to whether such non-flavor exotic states correspond to multiquark structures or to hadron-hadron molecules. A similar situation was encountered in the light scalar meson sector, where a multiquark picture was first introduced [2] as an attempt to explain the inverted mass spectrum (inverted in comparison to the simple quarkantiquark structure favored by the naive quark model) exhibited by the low-lying scalar mesons, some of which were later on suggested to be meson-meson molecules [3] .
I. INTRODUCTION
This paper is organized as follows. In Sec. II, we present the masses and wave functions obtained from an accurate four-body calculation that makes use of a quark model. The calculation of the dominant decay modes and of the lifetime is given is Sec. III. Our conclusions are summarized in Sec. IV.
II. TETRAQUARK MASS AND WAVE FUNCTION
We have studied the spectroscopy of doubly-heavy tetraquarks by two different numerical methods: a hyperspherical harmonic formalism and a generalized Gaussian variational (GGV) approach, both driving to the same results [10] . For its later application to the detailed study of the four-quark structure and weak decays, the GGV is more suited. Let us briefly discuss the main characteristics of the method. We shall denote the heavy quark coordinates by r 1 and r 2 , and those of the light antiquarks by r 3 and r 4 . The tetraquark wave function is taken to be a sum over all allowed channels with well-defined symmetry properties [18, 19] :
where x = r 1 − r 2 , y = r 3 − r 4 and z = (r 1 + r 2 − r 3 − r 4 )/2 are the Jacobi coordinates. χ csf κ are orthonormalized color-spin-flavor vectors and R κ (x, y, z) is the radial part of the wave function of the κ th channel. In order to get the appropriate symmetry properties in configuration space, R κ (x, y, z) is expressed as the sum of four components,
where w n κ = ±1. Finally, each R n κ (x, y, z) is expanded in terms of N generalized Gaussians
where s i (n) are equal to ±1 to guarantee the symmetry properties of the radial function and α i κ , a i κ , · · · , f i κ are the variational parameters. The latter are determined by minimizing the intrinsic energy of the tetraquark. We follow closely the developments of Refs. [18, 19] , where further technical details can be found about the wave function and the minimization procedure.
A four-quark state is stable under the strong interaction if its mass, M T (from now on, T often abbreviates T QQ ), lies below all allowed two-meson decay thresholds. Thus, one can define the difference between the mass of the tetraquark and that of the lowest two-meson threshold, namely:
where M 1 and M 2 are the masses of the mesons constituting the threshold. When ∆E < 0, all fall-apart decays are forbidden and, therefore, the state is stable under strong interactions. When ∆E ≥ 0 one has to examine whether it is a resonance or an artifact of the discretization of the continuum by the variational method, and this requires dedicated techniques such as real [20] or complex scaling [21] , which are beyond the scope of this note. We therefore concentrate on ∆E < 0. Another quantity of interest is the root-mean-square (r.m.s.) radius of the tetraquark, X T , given by [10] :
where R is the center-of-mass coordinate, and m i are the quark masses M Q or m q . Determining whether stability is reached in this model, i.e., ∆E < 0, requires a simultaneous and consistent calculation of the meson masses M 1 and M 2 entering the threshold, and of the tetraquark configurations. For this purpose, we have adopted the so-called AL1 model by Semay and Silvestre-Brac [22] , already used in a number of exploratory studies of multiquark systems, for instance in our recent investigation of the hidden-charm pentaquark sectorcc[23] or doubly-heavy baryons and tetraquarks [11] . It includes a standard Coulomb-plus-linear central potential, supplemented by a smeared version of the chromomagnetic interaction, where λ = 0.1653 GeV 2 , Λ = 0.8321 GeV, κ = 0.5069, κ ′ = 1.8609, A = 1.6553 GeV B−1 , B = 0.2204, m u = m d = 0.315 GeV, m s = 0.577 GeV, m c = 1.836 GeV and m b = 5.227 GeV. Here,λ i .λ j is a color factor, suitably modified for the quark-antiquark pairs. We disregard the small three-body term of this model used in [22] to fine-tune the baryon masses vs. the meson masses. Note that the smearing parameter of the spin-spin term is adapted to the masses involved in the quark-quark or quark-antiquark pairs. It is worth to emphasize that the parameters of the AL1 potential are constrained in a simultaneous fit of 36 well-established meson states and 53 baryons, with a remarkable agreement with data, as seen in Table 2 of Ref. [22] . The meson masses of the threshold in this model are given in Table I , together with the masses of other mesons that will be involved in the weak decays discussed in Sec. III. Also shown is the quark-antiquark r.m.s. radius.
One can now study the stability of the J P = 1 + T − bb isoscalar state. In the GGV method, if a state is unbound, one observes a slow decrease of its mass toward M 1 + M 2 as N , the number of terms in Eq. (3), increases. It turns out to be useful to also look at the content of the variational wave function, which comes very close to 100% in a color singlet-singlet channel in the physical basis [18] . On the other hand, if a variational state converges to a bound state as N increases, it includes sizable hidden-color components even for low N . We show in Table II the results for the T QQ tetraquark for different masses of the heavy quark, M Q . In the first line we give the results for the standard mass value of the bottom quark used in the AL1 model, for which we get a binding energy of 151 MeV. We have scrutinized the structure of the T QQ state. For each particular value of M Q we have evaluated the lowest strong-decay threshold, M 1 + M 2 , the energy of the four-quark state, M TQQ , and the corresponding binding energy B = −∆E. We have calculated the probability of the33, P [|33 ], and 66, P [|66 ], color components. By using the recoupling techniques derived in Ref. [18] we have also evaluated the probability of the 11, P [ | 11 ], and 88, P [ | 88 ], color components. Afterwards, we have expanded the wave function in terms of physical states evaluating the probability of the pseudoscalar-vector, P MM * , and vector-vector, P M * M * , two-meson physical states. Finally we have calculated the average distance between the two heavy quarks, x 2 1/2 , between the two light quarks, y 2 1/2 , between a heavy and a light quarks, z 2 1/2 , and the four-quark r.m.s. radius, X TQQ .
As shown in Table II the binding energy of the T QQ tetraquark increases with increasing M Q /m q as predicted in Ref. [4] and recently rediscovered in Refs. [7, 8] . Close to ∆E = 0 the system behaves like a simple mesonmeson molecule, with a large probability in a single meson-meson component, the pseudoscalar-vector channel. The T QQ starts to be bound around the mass of the charm quark used by the AL1 model, m c = 1836 MeV [24] . Such small binding is due to a cooperative effect between the chromoelectric and chromomagnetic pieces in the interacting potential. Hence, the T cc tetraquark is unbound when the spin-spin interaction is switched off. Theλ i .λ j contribution of Eq. (6), with a pairwise potential due to color-octet exchange, induces mixing between33 and 66 color states in the QQ −qq basis. The ground state of the QQūd with J P = 1 + has its dominant component with color33, and spin {1, 0} in the QQ −ūd basis. The main admixture consists of 66 with spin {0, 1} and a symmetric orbital wave function. Thus, for M Q /m q close to the charm sector, the binding requires both the color mixing of33 with 66, and the spin-spin interaction [11, 25] . In the most advanced calculations of Ref. [25] , it was acknowledged that a pure additive interaction will not bind ccqq, on the sole basis that this tetraquark configuration benefits from the strong cc chromoelectric attraction that is absent in the Qq + Qq threshold. In the case whereqq =ūd, however, there is in addition a favorable chromomagnetic interaction in the tetraquark, while the threshold experiences only heavy-light spin-spin interaction, whose strength is suppressed by a factor m q /M Q .
When the ratio M Q /m q increases, the probability of the 66 color component diminishes in such a way that the system does not behave any more like a simple meson-meson molecule. The probability of the 66 component in a compact QQqq tetraquark tends to zero for M Q → ∞. Therefore, heavy-light compact bound states would be almost a pure33 singlet color state and not a single colorless meson-meson 11 molecule, as shown in Table II . Such compact states with two-body colored components can be expanded as the mixture of several physical meson-meson channels [10, 26] , and thus they can be also studied as an involved coupled-channel problem of physical meson-meson states [27] .
We have shown these results in Fig. 1 . In the panel (a), we see how the probability of the 66 color component tends to zero for M Q → ∞. On the other hand, we can also see the failure of treating heavy-light tetraquarks as a single33 color state for charm-light or charm-strange doubly-heavy tetraquarks. In the panel (b) of Fig. 1 we show the expectation value of the different Jacobi coordinates over the tetraquark wave function, i.e., the average distance between the different constituents of the tetraquark [10] . One can see how when the binding increases, i.e. M Q /m q augments, the average distance between the two heavy quarks, x 2 1/2 , diminishes rapidly, while that of the two light quarks, y 2 1/2 , although diminishing, remains larger. The heavy-to-light quark distance, z 2 1/2 , stays almost constant for any value of M Q /m q . It is also worth noting how the tetraquark becomes compact in the bottom sector. As can be seen from Tables I and II , for deep binding, X TQQ /r.m.s.(M 1 + M 2 ) = 0.226/0.298 < 1, the tetraquark is smaller than the two mesons of the threshold while close to ∆E = 0, X TQQ /r.m.s.(M 1 + M 2 ) = 0.530/0.464 > 1, it becomes larger, being very likely the break down into two mesons. Thus, in the heavy-quark limit, the lowest lying tetraquark configuration resembles the Helium atom [8, 28] , a factorized system with separate dynamics for the compact color3 QQ kernel and for the light quarks bound to the stationary color 3 state, to construct a QQqq color singlet. As mentioned above, this result is less pronounced for other systems like charm-light (ccqq) or charm-strange (csqq) doubly-heavy tetraquarks. On the basis of the results shown in Table II , the schematic evolution of the T QQ state as a function of the ratio M Q /m q , in other words, from deep binding to a close-to-threshold meson-meson state, is shown in Fig. 2 [29] .
From left to right, schematic evolution of a TQQ state as the heavy-quark mass decreases and, thus, the separation between the heavy quarks increases. The separation between the light quarks starts to augment close to threshold and the separation between the heavy and the light quarks remains almost constant. The last scenario, MQ/mq ≈ 6 is close to threshold, compatible with a TQQ molecule or two heavy-light mesons.
III. TETRAQUARK LIFETIME AND DECAY MODES.
The double beauty T − bb isoscalar tetraquark with J P = 1 + is stable with respect to strong-and electromagnetic interactions [4, 5, [7] [8] [9] [10] [11] [12] [13] [14] , and thus it decays weakly. We have studied the semileptonic and nonleptonic decays of T − bb following closely the method developed in Ref. [30] . We present here the results for the most favorable final states where T − bb might be looked for. The remaining channels and a detailed discussion of the technicalities will be presented elsewhere [31] .
Among the semileptonic decays one can distinguish between processes with final states with a single meson, see panel (a) of Fig. 3 , or those with two mesons, panel (b) of Fig. 3 . The first case, T − bb →B 0 ℓ −ν ℓ , involves a bū → W − → ℓ −ν ℓ transition that at tree level is described by the operator
where Ψ f is a quark field of a definite flavor f , G F is the Fermi coupling constant and V ub is the Cabibbo-Kobayashi-Maskawa (CKM) matrix element. The decay width is given by
where the lepton 1 and hadron tensors are given by,
where p i is the four-momentum of the particle i, J T stands for the spin of the tetraquark, |M, state of an M meson with three momentum P M and spin projection in the meson center of mass λ ′ , and |T, λ 0 is the state of the tetraquark at rest. ǫ αβρλ is the fully antisymmetric tensor for which we take the convention ǫ 0123 = +1 and g αα = (1, −1, −1, −1). Equation (8) can be further simplified
withP µ B = (E B , 0, 0, |P B |) and
In (12), since all the dependence on ϕ ℓ appears only in the lepton tensor, we have defined
The matrix element (11) appearing in the hadron tensor can be expanded as,
whereφ is the Fourier transform of the radial wave function, obtained in Sec. II using the AL1 constituent model, and α i represents the quantum numbers of spin s i , flavor f i and color c i (α i ≡ (s i , f i , c i )) of a quark or an antiquark. For the second class of semileptonic decays represented diagrammatically in panel (b) of Fig. 3 , with a b → c transition at the quark level, the operator is given by
and the decay width can be expressed as 
where R ′ is a rotation that, for a fixed P D , takesP B + P D → (0, 0, |P B + P D |). In this case,
The matrix element appearing in the hadron tensor
here written for a T → BD transition (for other cases, the changes are obvious), can be expressed as,
Obviously B could also be a B * and D a D * . If we have a b → u quark transition, one has to change V cb → V ub and the meson in the final state (apart from B(B * )) would be a nonstrange meson with uū or ud composition. We evaluate now the width of the nonleptonic decays Fig. 4 . These decay modes involve a transition b → c, u at the quark level and they are governed, neglecting penguin operators, by the effective Hamiltonian [32] [33] [34] 
where c 1 , c 2 are scale-dependent Wilson coefficients, and Q ib 1 , Q ib 2 , i = u, c, are local four-quark operators of the current-current type given by
where the different V jk are CKM matrix elements. We work in the factorization approximation which amounts to evaluate the hadron matrix elements of the effective Hamiltonian as a product of two quark-current matrix elements: one is the matrix element for the T bb → BM 1 transition, and the other accounts for the transition from vacuum to the other final meson M 2 , see Fig 4. The latter coupling is governed by the corresponding meson decay constant. When writing the factorization amplitude, the relevant coefficients of the effective Hamiltonian (21) are the combinations,
with N C = 3 the number of colors. The energy scale µ appropriate in this case is µ ≃ m b and the values for a 1 and a 2 that we use are [33] :
Note that the W -exchange diagrams, that play an important role in the decay of charm, are suppressed in the decay of b since they are proportional to a 2 . The total decay width is given as
|M λT λB λ1λ2 (P T , P B , P 1 , P 2 )| 2 . (26) Using invariance arguments as in the semileptonic decay case one finds,
where
and M involves the product of a hadron matrix element such as Eq. (19) and meson decay constants that are taken from experiment or lattice data. For instance, for a T − bb → B − D + D − decay, one has that
In particular, for the decays presented in Table VI , we have used the meson decay constants listed in Table III .
For the sake of completeness we have also evaluated the decay of the J P = 1 + T − bb isoscalar tetraquark into the J P = 0 + T 0 bc isoscalar tetraquark, decay depicted in Fig. 5 . The mass of the J P = 0 + bcūd isoscalar state has been estimated in Ref. [7] where the authors obtain a central value 11 MeV below theBD threshold, although it is cautioned that the precision of the calculation is not sufficient to determine whether the tetraquark is actually above or below this threshold. A systematic study of exotic QQ ′qq four-quark states containing distinguishable heavy flavors, b and c, has been recently performed with the AL1 model in Ref. [38] . The J P = 0 + isoscalar state was found to be strong and electromagnetic-interaction stable with a binding energy of around 23 MeV. Other independent calculations made in different frameworks arrive to similar conclusions. Among them, it is important to emphasize the lattice QCD results [35] 0.130 [35] 0.210 [33] 0.2226 [36] 0.245 [37] 0.294 [35] 0.272 [37] of Ref. [39] where it is found evidence for the existence of a strong-interaction-stable (I)J P = (0)1 + bcūd four-quark state with a mass in the range of 15 to 61 MeV below the DB * threshold. The decay width in this case is given by (12) , changing the final B meson by the T 0 bc tetraquark and V ub by V cb , while the corresponding hadronic matrix element is
α4,α5 dp x dp y dp z
Let us now comment on the results. Some aspects could have been anticipated, and are verified. For instance, for the T → B ( * ) semileptonic decays depicted in Fig. 3(a) , and due to the large phase space available in all cases, the differences among the widths into the three lepton families are very small. The corresponding results 2 are shown in Table IV . We also note that the overlap in the hadron tensor between the T and the B(B * ) wave function slightly favors the pseudoscalar mesons. Anyhow, decays with a single meson in the final state are suppressed by at least two orders of magnitude as compared to the semileptonic decays with two final mesons, and the leading non-leptonic modes that are discussed below.
For semileptonic decays involving two mesons in the final state, described by panel (b) of Fig. 3 , the processes involving a b → c vertex are favored compared to those involving a b → u vertex, due to the larger CKM matrix element |V cb | ∼ 0.041 compared to |V ub | ∼ 0.0035 [35] . In Table V we show the most favorable channels, the filter being a width larger than 10 9 s −1 = 0.66 × 10 −15 GeV, for the semileptonic decays with two mesons and a light ℓ = e, µ lepton in the final state. Though much smaller, we also give the widths for the corresponding channels with TABLE IV. Decay widths, in units of 10 −15 GeV, for processes described by Fig. 3(a) . V. Largest decay widths, in units of 10 −15 GeV, for the processes described by Fig. 3(b 
a final τ since they could be interesting in the context of studies of lepton-flavor universality violation. Due to spin recoupling coefficients, the largest decay widths appear for vector mesons in the final state. In short, the largest preferred semileptonic decay are B ( * ) D ( * ) ℓν ℓ with the various combinations of spins for the mesons, and ℓ = e, µ.
Table VI displays now the most important nonleptonic decay modes. All of them contain a b → c vertex and an a 1 factor, and the dominant ones have a D ( * ) (s) meson in the final state. Once again vector mesons are favored in the final state. As a consequence of the factorization approximation, processes with D s or a light meson final states arising from vacuum have decay widths comparable to the corresponding semileptonic decay. This is due to the large value of the Cabibbo allowed CKM matrix elements |V cs | ∼ |V ud | ∼ 0.97 [35] and the fact that the hadronic matrix elements are proportional to a 2 1 in those cases. Decay channels not shown in Tables V and VI 
Finally, in Table VII we show the results for the semileptonic decay corresponding to Fig. 5 with a J P = 0 + T bc isoscalar tetraquark in the final state. In our calculation, the total semileptonic decay width with a final J P = 0 + T bc isoscalar tetraquark turns out to be 7.5 × 10 −15 GeV, in clear disagreement with the result of Ref. [17] obtained using a QCD three-point sum rule approach.
The total decay width of the T − bb tetraquark, as calculated in this work, is of the order of Γ ≈ 87 × 10 −15 GeV, which means a lifetime τ ≈ 7.6 ps. This lifetime is one order of magnitude larger than the simplest guess-by-analogy estimation of 0.3 ps of Ref. [7] . 
IV. SUMMARY AND OUTLOOK
We have presented the first comprehensive study of the flavor-exotic J P = 1 + T − bb isoscalar tetraquark. It includes an accurate solution of the four-body problem within a quark model, which characterizes the structure of the state, and an estimate of the lifetime and of the rates for the leading semileptonic and nonleptonic decay modes which are the most promising final states where the tetraquark should be looked for. We have shown how pairwise interactions based on color-octet exchange induce mixing between the33 and 66 states in the QQ −qq basis, enhancing the33 components for larger values of M Q due to the attractive chromoelectric interaction of the QQ pair that it is absent in the Qq threshold. This result is only valid in the bottom sector. In the charm sector, the binding mechanism is different: the33 and 66 components have a similar probability and are mixed by the chromomagnetic interaction. We have shown how the structure of the T QQ state evolves from a molecular-like system to a compact-like structure when moving from the charm to the bottom sector.
For the first time, the lifetime of the T − bb tetraquark has been calculated in a quark model beyond simple guess-byanalogy estimations. The total decay width of the T − bb found in this work is Γ ≈ 87 × 10 −15 GeV, corresponding to a lifetime τ ≈ 7.6 ps. The promising final states areB * − D * + l −ν ℓ andB * 0 D * 0 ℓ −ν ℓ among the semileptonic decays, andB * − D * + D * s − ,B * 0 D * 0 D * s − , and B * − D * + ρ − among the nonleptonic ones. The T 0 bc ℓ − ν ℓ semileptonic decay is also relevant but in our calculation is not dominant.
Our study complements recent estimates for the production cross sections of T bb tetraquarks based on Monte Carlo event generators pointing towards an excellent discovery potential in ongoing and forthcoming proton-proton collisions at the LHC [40] . The possible formation of this state in relativistic heavy-ion collisions at the LHC has also been recently discussed in detail within the quark coalescence model using realistic model wave functions with good prospects [41] .
The spectroscopy of exotic states with hidden heavy flavor has revealed how interesting the interaction of heavy hadrons is, with presumably a long-range part of Yukawa type, and a short-range part mediated by quark-quark and quark-antiquark forces. A new sector with stable flavor-exotic states, such as the T bb , remains to be investigated. An experimental effort towards the detection of this compact tetraquark states is now timely. Its existence is essential to validate our understanding of low-energy QCD in the multiquark sector.
A long lifetime for the T − bb tetraquark can ease its detection through the method of "displaced vertex" proposed in [42] . 3 
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